Abstract. An analogue, for modular abelian varieties A, of a conjecture of Watkins on elliptic curves over Q, would say that 2 R divides the modular degree, where R is the rank of the Mordell-Weil group A(Q). We exhibit some numerical evidence for this. We examine various sources of factors of 2 in the modular degree, and the extent to which they are independent. Assuming that a certain 2-adic Hecke ring is a local complete intersection, and is isomorphic to a Galois deformation ring (a 2-adic "R ≃ T " theorem), we show how the analogue of Watkins's conjecture follows, under certain conditions on A, extending and correcting earlier work on the elliptic curve case.
Introduction
Let f = ∑ ∞ n=1 a n q n be a normalised newform of weight 2, for the congruence subgroup Γ 0 (N ). Let O f and K f be the ring and the field generated, over Z and over Q respectively, by the Hecke eigenvalues a n . Then K = K f is a number field of some degree d = [K : Q], and O f is an order of finite index in the ring of integers O K of K. We shall think of K as an abstract number field inside Q, with the action of Gal(Q/Q) producing Galois conjugates f 1 , . . . , f d of f , with f = f 1 , but if we fix an embedding of Q into C then these all become forms with coefficients in C (in fact in R).
Let J 0 (N )/Q be the Jacobian of the modular curve X 0 (N )/Q. The Hecke correspondences T p (for primes p N ) and U p (for primes p | N ) of X 0 (N ) act as endomorphisms, defined over Q, of J 0 (N ), let's say by Albanese functoriality. (See §3 of [Ri1] for a discussion of Picard and Albanese functoriality.) Let T = T Z be the ring of endomorphisms of J 0 (N ) generated in this way. (Note that T may also be realised as a ring of linear operators generated by Hecke operators on the space S 2 (Γ 0 (N )) of cusp forms of weight 2 for Γ 0 (N ).) Let I f = I f,Z = I Z be the kernel of the homomorphism θ f : ∨ defined by the pullback of the theta divisor.) The square root of this degree is called the modular degree of A f . In the case that K f = Q and A is an elliptic curve, so
A → A is multiplication by the degree of the morphism ("modular parametrisation") ϕ : X 0 (N ) → A, obtained by using a rational point to embed X 0 (N ) in J 0 (N ), then composing with π f : J 0 (N ) → A. In fact, on divisor classes, π ∨ f is ϕ * and π f is ϕ * . In general, the modular degree is 1 if and only if J 0 (N ) is isomorphic (rather than just isogenous) to the direct sum of A and another abelian variety.
M. Watkins conjectured [Wa] , in the case that A is an elliptic curve, that 2 R (or even the order of the 2-Selmer group) divides the modular degree, where R is the rank of the group A(Q) of rational points. It is natural to simply extend this conjecture to modular abelian varieties of any dimension. Since A(Q) ⊗ Z Q is a K-vector space, R is necessarily a multiple of d. According to the BirchSwinnerton-Dyer conjecture, R should be the order of vanishing at s = 1 of the L-function L (A, s) , which is the same as Though it is tempting to view the above as good evidence for the direct analogue of Watkins's conjecture, we need to be more circumspect. For each prime p | N let W p (sometimes known as W p α , where p α || N ) be the Atkin-Lehner involution, which acts on S 2 (Γ 0 (N )), with f an eigenvector. It also acts on X 0 (N ) as an involution defined over Q, and as an endomorphism defined over Q on J 0 (N ). (The same endomorphism by either Picard or Albanese functoriality.) Let W be the group of order 2 s generated by the W p (where s is the number of primes dividing N ), and let W ′ = W ′ (f ) be the subgroup (of index 1 or 2) acting as +1 on f . We shall see in Section 2 that if
This then is an alternative source of powers of 2 in the modular degree. It is easiest to understand in the case d = 1 that A f is an elliptic curve, where the modular parametrisation ϕ :
[2] ̸ = {O} then it is possible for an element of W ′ to induce translation by a rational 2-torsion point, so for ϕ to factor only through the quotient of X 0 (N ) by some smaller subgroup of W ′ , contributing some smaller power of 2 to deg ϕ. But we are always guaranteed that
We must now admit that, with the exception of 145B, for which #W ′ = 2 and #A f (Q)[2] = 2 2 , every single instance of 2 d | m mentioned above can be accounted for by this. So to support the analogue of Watkins's conjecture we must try harder. In the case that N is prime, the contribution of Atkin-Lehner involutions is minimal. In this case, and when A f is an elliptic curve, Watkins has produced numerous examples for which R = 4 and 2 4 | m, supporting his conjecture.
If N is prime and w N = −1 then W ′ is trivial so does not account for any power of 2 in m. We shall assume the following conditions on a modular abelian variety A (i.e. the quotient of J 0 (N ) attached to a newform f ):
(1) N is even and square-free;
#Φ A,p (the group of components of the special fibre of the Néron model) is odd for each prime p | N ; (5) 2 disc(O f ). We explore the consequences of the assumption that a certain map between a 2-adic deformation ring R D ′ and a completed Hecke ring T m is an isomorphism, and that these rings are local complete intersections. The modular degree is linked to T m , and we bound from below the power of 2 dividing it by bounding from below the power of 2 dividing the order of the reduced cotangent space to R D ′ . As in [Du] (in the elliptic curve case) we produce elements using Galois cohomology classes coming from rational points, to show that 2 R−d would divide the modular degree. In addition, as well as treating the case of modular abelian varieties of any dimension, we show that an (in general) even larger power of 2 would divide the modular degree. There are two ways to do this. One uses independent elements constructed from newforms g with the same residual mod 2 Galois representation as f , but different Atkin-Lehner eigenvalues. See Corollary 9.5. The other (using certain quotients of the original deformation and Hecke rings) shows that the contribution (#W ′ ) d of the Atkin-Lehner involutions is independent of the contribution 2 
where m is the modular degree and
Proof. Let P 0 be a fixed rational point on X 0 (N ) (for example the cusp ∞). [2] . It is easy to see that the map w → π ([w(P 0 
. Let W ′′ be its kernel. This has size at least
′′ , and therefore, by the universal property of Jacobians, through ι ′′ • θ. Since the image of ι generates J 0 (N ), it follows that π factors through θ * , say
We have dual maps, composing to π ∨ :
The order of the kernel of the multiplication map [
Preliminaries on modular curves and p-adic uniformisation of abelian varieties
Suppose that p || N . Following Deligne and Rapoport [DR] , we consider a certain model X /Z p for the modular curve X 0 (N )/Q p . It is proper and flat, but not necessarily regular. Its special fibreX /F p has two irreducible components, isomorphic to X 0 (N/p)/F p , crossing at supersingular points, which are ordinary double points, defined over F p 2 . Let J 0 (N )/Z p be the Néron model of J 0 (N )/Q p , and letJ 0 (N )/F p be its special fibre, with connected componentJ 0 (N ) 0 and group of components Φ =J 0 (N )/J 0 (N ) 0 . As explained in §2 of [Ri1] (drawing on [Ra1, SGA7, MR, JL] 
This is a consequence of the theory summarised in [Ra2] . The identification with X B ∨ of the discrete subgroup of the torus by which we quotient out, is from [SGA7] , IX, 14.1.
Lemma 3.4. If ℓ is any prime number, and B/Q p as in Lemma 3.3 above, then
(1) there is, for each n ≥ 1, an exact sequence
, and the lemma is just Lemmas 3.3.1 and 3.3.2 of [Ri2] , easy consequences of the Snake Lemma.
λ-adic and residual representations
Recall that we have the order
, where e i is the projection onto the i th factor. We also denote by λ i the ideal
with O λi (via the projection to that factor) is equivalent to applying e i .
With
be the representation by which Gal(Q/Q) acts on T λi , and 
Therefore it suffices to prove that U i is absolutely irreducible.
It follows from the fact that
Now any Gal(Q/Q)-invariant line in U i ⊗ F λi is necessarily made up of invariants under complex conjugation (since the only possible eigenvalues are 1 and −1 = 1 in F λi ). Hence such a line must be
, assuming that such a line exists. Let χ be the character by which Gal(Q/Q) acts on
(Note that both ω and the χ(a p ) in that lemma become trivial modulo λ i .) Also, if p N then χ is unramified at p (using the fact that 2 | N ). The only character of Gal(Q/Q) unramified at all p is the trivial character, so χ is trivial, and any non-zero element of U i (R) is a rational point of order 2 on A, contradicting (2). Proof. By the last part of Lemma 3.3, using the oddness of
The lefthand side (rather its image under q) represents the quotient of e i (A[2](Q p )) by e i Hom(X A , µ 2 ). We need to show that I p acts non-trivially on any representative of a non-zero element of this quotient, but this is true because it acts nontrivially on any element of Hom(X A , Q × p ) that maps under v to a non-zero element of Hom(X A , Q/Z).
Pairings

Recall that 2O
, and we are assuming that 2
. From now on we shall assume that all E i = 1, i.e. that 2 is unramified in O K , since this will be necessary anyway once we consider deformation rings and Hecke rings, and makes the exposition slightly simpler from this point onwards.
, but since 2 is unramified we also have now
With respect to these pairings, the Hecke operators T p and U p , which generate O f , are self-adjoint. This follows from the discussion in §3 of [Ri1] , and from Lemma 16.2(a) of [Mi] .
) and e j (A ∨ [2]) are orthogonal, and likewise e i (T 2 (A)) and e j (T 2 (A ∨ )) are orthogonal. We can then restrict to perfect pairings
Assuming irreducibility of ρ i , as in the conclusion of Proposition 4.2, the po-
In particular, we have an isomorphism V ≃ V * , respecting the actions of F λ and Gal(Q/Q). (We drop the subscripts i temporarily, imagining a fixed choice to have been made.)
Proof. It suffices to show that, under the Weil pairing [, ] :
′ ). Since the O λ submodule spanned by x is isotropic for [, ] ′ , the lemma follows.
Using the trace as in the above proof, we see that there is a natural isomorphism between V * := Hom F2 (V, F 2 ) and Hom F λ (V, F λ ). It follows, since the pairing is skew-symmetric, that 
A Selmer group
Let G ∞ := Gal(C/R) and, for each prime number p, G p := Gal(Q p /Q p ). All of these are considered as subgroups of Gal(Q/Q), though this depends on choices of embeddings of Q in C and the Q p . Let I p be the inertia subgroup at p. We define a 
its image under inflation), and note that L
Proof. Let {x, y} be a basis for V as in Lemma 4.1. Take the cohomology, for G p , of the exact sequence 0
If we assume #Φ A,p is odd, and use Proposition 4.3, then it looks like this:
but it is exact even without that assumption. So
We have defined a Selmer group
. Assume the conditions of Proposition 4.2 (and that E = 1). Assume also that for each
(There is also a Tate twist by 1 attached to W * , but it doesn't show up, since the cyclotomic character modulo 2 is trivial.)
Proof. By Theorem 2.18 of [DDT] (based on Proposition 1.6 of [Wi] ),
.
where {x, y} is any F λ -basis for V . To see this, note that any element of Gal(Q/Q) acts via some matrix
. Now ad − bc = 1, since det ρ is the 2-adic cyclotomic character, which is trivial mod 2.
In the product we shall show that the contributions from 2 and ∞ cancel out, and that the contributions from all other places are trivial.
(
3F , by Lemma 6.1, and #H
(again using Proposition 4.3), so
Choose a basis {x, y} for V such that σ acts as
) .
(That we may do so follows from the assumption that
Proof. Consider the short exact sequence
Note that the Galois action on the F λ is trivial, because the trace is invariant under conjugation. It is easy to see from (4) in the proof of the previous lemma that
, giving us the first part of this lemma. Take any element M ∈ ad(V ) of non-zero trace (equivalently a non-symmetric element of V ⊗ V ). Then ker(i * ) is generated, as an F λ -vector space, by a class represented by the cocycle σ → σ(M ) − M . Given a p | N , and a basis {x, y} of V as above, we may adjust M by an element of ad 0 (V ) (only changing the cocycle by a coboundary) to get M to be a scalar multiple of y ⊗ x. Then one sees easily that, for
7. An application of the squaring map
We retain from earlier the assumptions (1) N is even and square-free;
We choose an i with 1 ≤ i ≤ t, with λ = λ i of degree F . As above, 
Proof. We need to check that res
(1) It is well-known that ψ(P ) is unramified at all primes p N ∞. The same is then true for s * ψ(P ). 
In the former case w σ /w = 1 is the only possibility, while in the latter case the alternative is that v(w) represents an element of order 2 in Φ A,p (see the last part of Lemma 3.3), contrary to our assumption that Φ A,p has odd order. Hence (u σ /u) 2 = 1, so ψ(P )(σ) ∈ e i Hom(X A , µ 2 ) = ⟨x⟩, and s * ψ (P ) 
Corollary 7.3. Assume the conditions (1)-(5) listed at the beginning of this section.
( W ) is at least the size of the e i part of the Selmer group for multiplication by 2 on A/Q.
To get (1), simply combine Lemmas 6.2, 7.1 and Proposition 7.2, noting that
Fir . To get (2), observe that the proof of Proposition 7.2 only depends on the element of H 1 (Q, V * ) being everywhere locally the image of a rational point.
A deformation problem
Again, we retain the assumptions (1)-(5) of the previous section. We have chosen an i with 1 ≤ i ≤ t, with λ = λ i of degree F . As above,
Let C be the category whose objects are complete noetherian local O λ -algebras with residue field F λ , and whose morphisms are local O λ -algebra homomorphisms. If we choose any basis for V then we have ρ : Gal(Q/Q) → GL 2 (F λ ). If R ∈ C, a lifting ρ : Gal(Q/Q) → GL 2 (R) is said to be of type D if and only if the following conditions hold:
(1) ρ is unramified outside N ;
, where ω is the restriction of the 2-adic cyclotomic character, and χ is any unramified character (not fixed); (3) det ρ = ω. 
(see § §8 and 10 of [Ma] for precise definitions).
Proof. The existence of a universal ring for deformations of ρ subject only to the condition (1) above follows from Proposition 2 in §20 of [Ma] . Note that ρ is absolutely irreducible, by Proposition 4.2. The determinant condition (3) is handled by §24 of [Ma] . For p ̸ = 2, that (2) is a deformation condition is part of the proposition in §29 of [Ma] . It may be proved in the same way even for p = 2, replacing the γ in Lemma 1 of §29 of [Ma] (a topological generator of the 2-part of the tame quotient of I p ) by an element as in Proposition 4.3.
Let ρ : Gal(Q/Q) → GL 2 (O λ ) be the lifting of ρ arising from the action of Gal(Q/Q) on T λ (A) (with a chosen O λ -basis lifting the chosen F λ -basis of V ). This is obtained (up to strict equivalence) from ρ D by composing with some homomor-
Recall that A is associated to a particular Gal(Q/Q)-orbit of newforms for Γ 0 (N ), represented by f . Forms in the same orbit have the same sequence (w p ) of eigenvalues for the Atkin-Lehner involutions. Fixing an embedding of Q into Q 2 , each newform for Γ 0 (N ) may be considered to have coefficients in Q 2 , and each Gal(Q/Q)-orbit may be subdivided into G 2 -orbits, where G 2 := Gal(Q 2 /Q 2 ). Now let g be any newform for Γ 0 (N ) and, for some fixed ordering of the s primes p | N , consider
It has a 1 where w p (g) ̸ = w p (f ), zeroes elsewhere. Now consider only those g such that all the Hecke eigenvalues of g lie in an unramified extension of Q 2 and become congruent (mod 2) to those of f , i.e. the same in F 2 . (There will be at most one such g in each G 2 -orbit.) Define a matrix B whose rows are the v(g), for all such g. Let k be the rank of B. Note that k ≤ s, the number of primes dividing N .
Proposition 8.2.
#Hom
It is only because ℓ = 2 that we can have congruences between newforms with different Atkin-Lehner eigenvalues. 
Proof. Corollary 7.3 tells us that #H
is an injection. But, as pointed out by the referee, and proved in Lemma 6.3 above, i * has a non-trivial kernel, which is even
. Now, as above, consider g such that all the Hecke eigenvalues of g lie in an unramified extension of Q 2 and become congruent (mod 2) to those of f . Then there is a representation ρ g : Gal(Q/Q) → GL 2 (O g ) lifting ρ, where O g is the ring of integers in the finite extension of Q 2 generated by the a p (g), which must in fact be the unique unramified extension with residue field
This ρ g is a lifting of type D, for the same reason that ρ f = ρ λ is (see Lemma 4.1). Hence there is a corresponding local O λ -algebra homomorphism θ g :
(This uses the assumption that the Hecke eigenvalues of g lie in an unramified extension of Q 2 , not just that they have the same images in F 2 as those of f .) We can define an element ϕ g of
Recall that 2 is unramified in O λ , so 2 is a uniformising element for λ.) [Ma] .) There would be no difference in odd residue characteristic, where the matrix n at the end of §29 of [Ma] can be replaced by
, but here where ℓ = 2 we cannot do this.
Hecke rings and the modular degree
Let T = T Z be as in the introduction. Let
, and let m be the maximal ideal of T that is the kernel of ψ f . For g as in the previous section, the same m is also the kernel of a similarly defined ψ g . We denote also by m the ideal generated by the image of m in T ⊗ Z 2 . The localisation or completion T m is a direct summand of T ⊗ Z 2 . It is isomorphic to the subring of ∏ g O g generated by the (a p (g)) g , where p runs over all primes. (Note that it follows from the oddness of the #Φ A,p that N is the minimal level for modular liftings of ρ, c.f. Proposition 4.3, so no newforms of level strictly dividing N appear in this product.) Now the product is over G 2 -orbits of g such that all a p (f ) and a p (g) become the same in F 2 , but without the earlier condition about the a p (g) lying in an unramified extension of Q 2 . Equivalently, g and f have isomorphic residual representations. Although O g is no longer necessarily isomorphic to O λ , it is an O λ algebra, since the congruence forces it to have the same residue field F λ , and O λ is the ring of integers in the unique unramified extension of Q 2 with that residue field. This follows from Proposition 2.4 of [Bz] . Note that because #Φ A,2 is odd, the proof of Proposition 4.3 shows that ρ| G2 is trés ramifié, hence by Proposition 8.2 of [Ed] that ρ is not finite at 2. Furthermore, ρ(Gal(Q 2 /Q 2 )) is not contained in the scalar matrices, by Proposition 4.3.
The action of Gal(Q/Q) on T 2 (J 0 (N )) m gives a representation ρ T : Gal(Q/Q) → GL 2 (T m ), lifting ρ. We can obtain from it each representation ρ g by composing with ψ g :
we may deduce from the fact that each ρ g is of type D that so is ρ T . Hence ρ T arises from ρ
Hypothesis 9.2. θ is an isomorphism and R D ≃ T m is a local complete intersection.
Let P T be the kernel of ψ f : T m → O λ . Let I = Ann Tm (P T ) and η = ψ f (I). As in §4.4. of [DDT] , η is non-zero, and O λ /η ≃ T m /(P T + I). Lemma 9.3. Let I f be the ideal of T described in the introduction, so
Proof. Among the G 2 -orbits into which the Gal(Q/Q)-orbit of f breaks up, only that of f is involved in the product ∏ g O g into which T m embeds. If this were not the case then O f ⊗ Z 2 , mapped to ∑ t i=1 O λi , would land in a subring defined by a condition that the entries in two specific positions are the same in the residue field (like all the entries in
Hence any element of P T is not only in the kernel of the homomorphism ψ f : T m → O λ , but also in the kernel of the extended θ f : If r = 0 then r − 1 should be replaced by 0.
Theorem 9.4. Assume the conditions (1)-(5) from the introduction (repeated at the beginning of Section 7). Let
Proof. By Theorem 5.3 of [DDT] , Hypothesis 9.2 is equivalent to #(
Recall that 2 is a uniformiser for λ, so equivalently 2 r−1+ki divides η, and η = (2 S ) for some S ≥ r − 1 + k i . Let I f be the ideal of T defined in the introduction, and let S ′ ≥ S be such that 2 
Since, by Lemma 9.3 p ∈ P T ⊆ T m may be 2-adically approximated by some t ∈ I f that acts the same way on Q, we see that
, the proposition follows.
Putting together the different contributions for 1 ≤ i ≤ t, we get the following. If R = 0 then R − d should be replaced by 0. As in Corollary 7.3(2), the factor 2 R may be replaced by the order of the 2-Selmer group for A. Note that 2
, where s is the number of prime factors of N . By Corollary 5.20 and Theorem 5.27 of [DDT] , #(P T /P 2 T ) = #(O λ /η) is equivalent to T m being a local complete intersection. In Proposition 8.2 we may replace
T if we delete the r − 1. In the proof we simply replace the element
Then, repeating the proof of Theorem 9.4, we obtain the following.
Proposition 9.6. Assume the conditions (1)-(5) of the introduction (except we don't need to assume that #Φ A,p is odd for odd p). If T m is a local complete intersection, then the modular degree of
The reason that we cannot dispense with conditions (2) and (3) is that Proposition 2.4 of [Bz] relies on the irreducibility of ρ, which we get from Proposition 4.2.
Examples
The conditions (1)- (5) are chosen to make life easy. In this section we show that they are not so strong as to make it impossible to find examples. We have repeatedly used Sturm's bound [Stu] : if newforms f and g of weight κ for Γ 0 (N ) have Hecke
The data in Stein's table "q-expansions of eigenforms on Γ 0 (N )" [Ste] goes far enough to confirm that apparent congruences really hold.
10.1. Elliptic curves. For d = 1, the optimal elliptic curves with N ≤ 250 satisfying conditions (1)-(5) (of which condition (5) is automatic), and of rank R = 0, are 26a1, 26b1, 38a1, 38b1, 106a1, 106d1, 110a1, 110b1, 110c1, 118c1, 118d1, 170c1,  170d1, 170e1, 174a1, 174b1, 174c1, 174e1, 182b1, 182c1, 182d1, 182e1, 186a1 , 186b1, 186c1, 202a1, 222a1, 222b1, 222d1, 222e1, 246a1, 246b1, 246f1, 246g1 (as listed in [Cr1] ). Note that if the conditions hold for an elliptic curve then they hold for any isogenous elliptic curve, since the irreducibility of ρ rules out rational 2-isogenies. Recall that E(R) is connected if and only if ∆ < 0, and that, for p || N , #Φ E,p is the exponent of p in ∆. For 26a1: y 2 + xy + y = x 3 − 5x − 8 (for which #E(Q) tors = 3 and ∆ = −2 3 13 3 ) and 26b1: y 2 + xy + y = x 3 − x 2 − 3x + 3 (for which #E(Q) tors = 7 and ∆ = −2 7 13), we have (w 2 , w 13 ) = (1, −1) and (−1, 1), respectively. For either 26a1 or 26b1, B = [1, 1] so k = 1. There are no other newforms of level 26, and the Hecke eigenvalues for 26a1 and 26b1 are congruent mod 2 but not mod 4. It follows that 2) . This is a local complete intersection. Also #W ′ = 2. Both Proposition 9.6 and Proposition 2.1 give 2 | m. In fact the modular degrees are both 2. The conductor 38 examples are similar (with modular degrees 6 and 2).
The optimal elliptic curves with N ≤ 1000 satisfying conditions (1)- (5), and of rank R = 1, are 214a1, 214b1, 262a1, 302a1, 302c1, 362a1, 362b1, 430b1, 430c1, 430d1, 542b1, 618c1, 618e1, 618f1, 622a1, 670a1, 670c1, 670d1, 706b1, 794c1, 814a1, 814b1, 886e1, 890d1, 890f1, 890g1, 974e1. We consider a few of these in more detail.
The elliptic curve 214b1: A : y 2 + xy + y = x 3 + x has R = 1, A(Q) tors = {O}, N = 214 = 2 · 107, and minimal discriminant ∆ = −2 · 107. Since ∆ < 0, A(R) is connected, and #Φ A,2 = #Φ A,107 = 1, the exponents in ∆. We have w 2 = w 107 = 1, so #W ′ = 2 2 , and Proposition 2.1 gives 2 2 | m, the modular degree. In fact, m = 2 2 · 3. The elliptic curve 214a1, y 2 + xy = x 3 − 12x + 16, has the same residual mod 2 Galois representation as 214b1, and has w 2 = w 107 = −1, contributing a row There are three 3-dimensional modular abelian varieties with N = 422 = 2 · 211, and (w 2 , w 211 ) = (1, 1), (−1, −1) and (1, −1). Call them 422C, 422E and 422D respectively. For the first two of these ϵ = −1, and Magma gives ord s=1 L(A, s) = d, so again r = 1. Taking discriminants of the polynomials in Stein's tables, we find that for all three 2 disc(O f ). In fact 422C and 422E satisfy all the conditions (1)-(5). In each case 2 is inert in K f , and the three sequences of Hecke eigenvalues all become the same in F 8 . This is easy to check from Stein's table, since the minimal polynomials for a 3 given there are all congruent to x 3 + x 2 + 1 mod 2, so one just reads each sequence (of polynomials of degree ≤ 2 in x) modulo 2, and they are all the same sequence. There is also a newform for Γ 0 (422) with coefficient field of degree 6, whose Hecke eigenvalues become the same in −1) , respectively. In all four cases O K has a prime of norm 2 4 , and in F 16 all four sequences of Hecke eigenvalues appear to become the same. Accepting this, k = 2, and F k = 8 , so Proposition 9.6 implies that if T m is a local complete intersection then 2 8 | m (for the 4-dimensional varieties), and in fact their modular degrees are 2 8 · 13 and 2 8 · 11 · 829. g 1 ), a p (g 2 ), a p (g 3 ), a p (g 4 )) , where p runs over the prime numbers, and g 1 , g 2 , g 3 and g 4 are the normalised newforms associated to the elliptic curves 214b1, 214a1, and two 2-dimensional abelian varieties with coefficient field Q( √ 3), respectively. As a Z 2 -module it is generated by the vectors v n := (a n (g 1 ), a n (g 2 ), a n (g 3 ), a n (g 4 ))
, by Theorem 5.1 of [LS] , part of Agashe and
Stein's appendix. Each v n may be viewed as an element of Z 6 2 by expressing a n (g 3 ) as a Z 2 -linear combination of 1 and α := √ 3 − 1, and a n (g 4 ) as a Z 2 -linear combination of 1 and β := √ 3 + 1. Using Stein's tables [Ste] to get v 1 , . . . , v 54 , and using the computer package PARI to compute Hermite normal form, one finds that T m is the Z 2 -submodule of Z 
The top row shows that, with respect to projection to the first entry, η = (4). Considering ways to take linear combinations of the rows to get a 0 in the first entry, one finds that P T is the 
By deleting the 0 in the first position, we may view P T and P 2 T as submodules of Z 5 2 , and using Hermite normal form we find that they are of index 2 5 and 2 7 , respectively. Hence #(
The Hecke ring T m is isomorphic to the subring of W (F 8 ) 4 generated by
, where p runs over the prime numbers, and g 1 , g 2 , g 3 and g 4 are the normalised newforms associated to the 3-dimensional abelian varieties 422E, 422C, 422D, and a certain 6-dimensional abelian variety, respectively. Here W (F 8 ) is the ring of integers in the unramified extension of Q 2 of degree 3, and each coefficient ring is embedded in W (F 8 ) using a divisor of (2) of degree 3. As a W (F 8 )-module, T m is generated by the vectors v n := (a n (g 1 ), a n (g 2 ), a n (g 3 ), a n (g 4 ))
, again by Agashe and Stein's appendix to [LS] .
We have W (F 8 ) = Z 2 (α) with α 3 + α 2 + 1 = 0. The coefficient fields of g 1 , g 2 , g 3 and g 4 are obtained from Q by adjoining roots of polynomials x 3 + 5x 2 + 6x + 1, −(12α 2 +31α+14, 11α+2, 2α 2 +23α+18, 30α 2 +7α+6) = (18α 2 +6, 2, 0, −22α 2 +4α+8).
Then u 4 − u 3 = (18α 2 + 6, 0, 0, −22α 2 + 4α + 6), so u 4 − u 3 − (9α 2 + 3)u 1 = (0, 0, 0, −40α 2 + 4α) and u 4 − u 3 − (−11α 2 + 2α + 3)u 1 = (40α 2 − 4α, 0, 0, 0), so M 2 contains (0, 0, 0, 4) and (4, 0, 0, 0). It also contains u 1 + u 2 = (2, 0, 2, 0) and u 1 −u 3 = (2, −2, 0, 0). We now see easily that M 2 contains (4, 0, 0, 0), (0, 4, 0, 0), (0, 0, 4, 0) and (0, 0, 0, 4), so that in fact 2 2 M ⊆ M 2 , and indeed M 1 = M 2 , i.e. T m = M 2 . The element (4, 0, 0, 0) of T m shows that if η is defined with respect to projection to the first coordinate then η | (4). Since (2) is inert in the coefficient ring for g 1 , and in particular is the unique divisor of (2), η is the 2-part of what in [ARS] (Definition 4.10) is called the congruence ideal (with A the abelian variety 422C). Hence the 2-part of their "congruence exponent" is 2 s , where η = (2 s ). Now we already know that the 2-part of the modular degree is 2 6 , and using again the uniqueness of the divisor of (2), the 2-part of ker(π • π ∨ ) must have structure W (F 8 )/(2 2 ), so that the 2-part of the "modular exponent" in [ARS] is 2 2 . By their Theorem 3.7, that the modular exponent divides the congruence exponent, we see that also (4) | η, so in fact η = (4).
Since −u 1 u 2 = (0, 0, 0, 4), u 2 2 + u 2 u 3 = (0, 0, 4, 0) and u 2 3 + u 2 u 3 = (0, 4, 0, 0) all belong to P 2 T , while necessarily #(W (F 8 )/η) | #(P T /P 2 T ), the Fitting ideal of P T /P 2 T must be either (2 2 ) or (2 3 ). If it was the latter then P T would contain (0, 2, 0, 0),(0, 0, 2, 0) and (0, 0, 0, 2), which subtracted from u 1 shows that (2, 0, 0, 0) ∈ T m , contrary to η = (4). Hence #(W (F 8 )/η) = #(P T /P 2 T ) = (2 3 ) 2 , so T m is a local complete intersection.
Modularity of lifts.
Having examined the hypothesis that T m is a local complete intersection, we now look into what it would take for the isomorphism in Hypothesis 9.2 to fail.
If O is the ring of integers in a finite extension of Q 2 containing K λ , and if θ : R D → O is a local O λ -algebra homomorphism, then θ • ρ univ D : Gal(Q/Q) → GL 2 (O) is ordinary when restricted to Gal(Q 2 /Q 2 ), since it satisfies condition (2) of §8 at p = 2. By §4 of [P] , since θ • ρ univ D | G2 is ordinary, it is semi-stable. It is then a direct consequence of Theorem 4.1 of [KW] that, if the image of ρ in GL 2 (F) is non-solvable, then θ • ρ univ D is modular. In particular, any such θ : R D → O must factor through T m , and if R D ̸ ≃ T m then this is not due to any failure of lifts of ρ to GL 2 (O) to be modular. When d = 1, the image of ρ is always solvable, since GL 2 (F 2 ) is solvable. In general, given the absolute irreducibility implied by Proposition 4.2, in our examples the only way for the image of ρ to be solvable is for its image in PGL 2 (F λ ) to be dihedral, by Lemma 6.1 of [KW] . This is equivalent to ρ being isomorphic, over F 2 , to the representation induced from some character of a subgroup of index 2. This would imply that there is a quadratic field F , ramified at most at primes dividing N , such that a p (f ) = 0 in F λ whenever p is inert in F . It is easy to check using Stein's tables that this is not the case in the examples in this section with d > 1, so the image of ρ is indeed non-solvable. In fact, if we assume that R D is finitely generated as an O λ -module then it is easy to show that, given the above, any non-zero element of the kernel of θ must be nilpotent. (Note that the nilradical is the intersection of all prime ideals.)
A different approach
We continue to impose the conditions (1)-(5) from the introduction. Corollary 9.5 shows that, if each k i ≥ 1, then Hypothesis 9.2 implies that 2 R | m, in accord with the analogue of Watkins's conjecture. It seems difficult to prove that each k i ≥ 1, so we outline a different approach.
Recall 
